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Abstract. Let (•, •)) be a semi-inner product module over a C*-algebra 
£/. It is known that, for an arbitrary n £ N and xi, . . . , a;„ £ , the Gram 
matrix [{xi, Xj)] is a positive element of the matrix algebra A'/„(^). We show, 
by defining a suitable new semi-inner product on ^ ^ that a stronger inequality, 
namely [ {xi,Xj) ] > [{xi,z) (z, Xj) ] , holds true for all z G ^ such that 
{z, z) ^ 0. As an application, we obtain an improvement of the Ostrowski 
inequality and a generalization of the covariance-variance inequality. By the 
same technique, we show that the inequality [ (x^, Zj) ] > [ {xi, z) (z, Xj) ] 
can be refined by a sequence of nested inequalities. The paper ends with 
some operator-theoretical consequences, including an effective algorithm for 
inverting a positive invertible matrix. 



1. Introduction and preliminaries 

In this paper we study the Gram (or Gramian) matrix [{xi^Xj)] G M„ 
where arbitrary elements in a semi-inner product module (.^, (-, ■)) 

over a C*-algebra . If ^ is an inner-product space (i.e. if ^ = C) this matrix 
becomes exactly the classical Gram matrix of n vectors. 

It is known that the matrix [{xi^Xj)] is a positive element of the C*-algebra 
Mn{s^) (see [8, Lemma 4.2]). Considering ^ as a semi-inner product C*-module 
with respect to another semi-inner product, we get a new inequality which gen- 
erally improves the initial one. 

Some applications are also considered. First, we improve the Ostrowski in- 
equality for elements of an inner-product C*-module which is recently obtained 
in [1]. Then, we define the covariance co\rz{x, y) between x and y with respect to z 
and variance var^(x) of x with respect to z and prove the generalized covariance- 
variance inequality. In the concluding section we show that the initial inequality 
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[{xi,Xj)] > can be refined by a sequence of nested inequalities. Tliis, in turn, 
leads to some interesting operator-theoretical consequences. In particular, we 
construct, for an invertible positive Hilbert space operator a, a sequence that 
converges in norm to a~^. When applied to a positive invertible matrix, this 
gives us an effective algorithm for computing in which the number of steps 
does not exceed the number of elements of the spectrum of a. 

Before stating the results, we recall the definition of a semi-inner product C*- 
module and introduce our notation. 

Let be a C*-algebra. A (right) semi-inner product -module is a linear 
space which is a right .^/-module with a compatible scalar multiplication 
{X{xa) = x{Xa) = (Ax)a for all x G a G A G C) endowed with an j^-semi- 
inner product {■,■): ^ x ^ ^ ^ such that for all x,y, z E ^ , A G C, a G J^f, 
it holds 



(i) {x,x)>0; 

(ii) (x, Xy + z) = A(x, y) + (x, z); 

(iii) {x,ya) = {x,y)a; 

(iv) {x,y)* = {y,x). 



Obviously, every semi-inner product space is a semi-inner product C-module. We 
can define a semi-norm on J^T by = where the latter norm denotes 

that in the C*-algebra s^. A pre-Hilbert -module (or an inner-product module) 
is a semi-inner product module over ^ in which || ■ || defined as above is a norm. 
If this norm is complete then ^ is called a Hilbert C* -module. Each C*-algebra 
^ can be regarded as a Hilbert .^/-module via (a, 6) = a*b {a,b G When 
^ is a Hilbert C*-module, we denote by B(^) the algebra of all adjointable 
operators on 

An element a of a C*-algebra is called positive (we write a > 0) if 
for some x G £^ . If a G ^ is positive, then there is a unique positive b E £^ 
such that a = b"^; such an element b is called the positive square root of a and 
denoted by a^/^. For every a G the positive square root of a* a is denoted 
by \a\. For two self-adjoint elements a,b, one can define a partial order < by 
a < b b — a > 0. For n G N, Mn,{^) denotes the matrix C*-algebra of all n x n 
matrices with entries from For more details on matrix algebras we refer the 
reader to [15, 19]. 
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Throughout the paper, stands for the minimal unitization of si . If si is 
unital then si = si and if si is non-unital then si = si with (a, A) ■ (6, ii) = 
{ah + \h + fj,a, Xfx) and (a, A)* = (a*, A). By e we denote the unit in si. If ^ is 
an ^-module then it can be regarded as an ^-module via xe = x. 

For every x & ^ the absolute value of x is defined as the unique positive square 
root of the positive element {x,x) of si, that is, |x| = {x,x)i. Some standard 
references for C*-algebras and C*-modules are [8, 12, 16, 19]. 



2. The Gram matrix 



We begin with a comparison of positivity of the Gram matrix for two elements 
of a semi-inner product si -module with the Cauchy-Schwarz inequality 



{x,y){y,x) < \\yf {x,x). 



Let us write (2.1) in a matrix form. First recall that a matrix 



(2.1) 



a b 
b* c 



with invertible c & si (resp. a G si) is positive if and only if a > 0, c > and 
bc~^b* < a (resp. a > 0,c > and b*a~^b < c); see [3]. Therefore, we can write 
(2.1) as 



{x,y) 
{x,y)* \\{y,y)\\e 



> 



(2.2) 



where e & si is the unit. Since 

{x,x) {x,y) 

{x,y)* \\{y,y)\\e 



> 



{x,x) {x,y) 
{x,y)* {y,y) 



> 0, 



it follows that positivity of the Gram matrix sharpens the Cauchy-Schwarz in- 
equality. 

A number of arguments can be simplified if we use positivity of the Gram 
matrix. For example, it was proved in [7, Theorem 2.1] that for x,y & such 
that \y\ belongs to the center of si, a stronger version of the Cauchy-Schwarz 
inequality holds, namely, {x,y){y,x) < {x,x){y,y). From positivity of the Gram 
matrix it follows that for every x,y & ^ and every £ > we have 



{x,x) {x,y) 
{x,y)* {y,y)+ee 



> 0, 
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or, equivalently, {x,y){{y,y) + ee)~^{y,x) < {x,x). If \y\ belongs to the cen- 
ter of £/, we get, by multiplying by {{y,y) + ee)^ on both sides, {x,y){y,x) < 
{x, x){{y, y) + ee). Since e > is arbitrary, we have (x, y){y, x) < {x, x){y, y). 

An interesting fact about the inequality [(xj, Xj)] > is that it is self-improving. 
We use this property in the proof of the following theorem. 

Theorem 2.1. Let ^ be a C* -algebra and (<^, (■,■)) a semi-inner product s^- 
module. Let n G N and xi, . . . , x„ G ^ . Then for every z E ^ we have 

\\zf[{xi,xj)] > [{x,,z){z,x,)]. (2.3) 

Proof. Let us first prove that [(xj, Xj)] is positive in M„(j2/) (the proof is included 
for the convenience of the reader, see [8, Lemma 4.2]). Since (■, ■) is a semi-inner 
product on ^ it holds that 

' n n \ 

Xitti ) > 0, ( Oil , . . . , ttfi G ) . 
^ i=l i=i I 

Then 

n 

^ a* {xi,Xj) ttj > 0, {ai, . . . ,an e (2.4) 

By [18, Lemma IV.3.2] we know that a matrix [cij] G M„(^) is positive if and 
only if Y17j=i o-l^ijaj > for all ai, . . . , a„ G £^ . Therefore, (2.4) means that the 
matrix [(xj,Xj)] is positive. 

For an arbitrary z G we define 

(-,■),: ^ X ^ ^ ^, (x, y), := ||zf (x, y) - (x, z){z, y). (2.5) 

Observe that (x, yi + Xy2)z = {x, yi)z + A(x, 2/2)2, (a;, ya)^ = (x, y)za and (x, y)l = 
{y,x)z, for all a G G C,x,y,yi,y2 G Furthermore, by the Cauchy- 

Schwarz inequality 

(x,2)(^,x) < ll^f (x,x) (x G JT) (2.6) 

we have {x,x)z > for all x G so (■, ■)z is another semi-inner product on 
Therefore, [(xj,Xj)^] > 0, which is exactly (2.3). □ 

We first state a few direct consequences of the preceding theorem. 

Corollary 2.2. Let ^ be a Hilbert -module and A G B(j?r) a positive map. 
Then for all Xi, - ■ ■ ,Xn,zE 

||A^z|p[(Axi,Xj)] > \l^Axi,z)l^z,Axj)\ > 0. 
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Proof. Immediate from (2.3) if we replace xi, ■ ■ ■ , Xn, z hj A^xi, ■ ■ ■ , A^Xn, A^z. 

□ 

Let ^ he a. C*-subalgebra of A positive linear mapping^ : ^ is 

called a left multiplier if $(a6) = $(a)6 (a G J^,b G Then any semi-inner 
product =!2/-module <^ becomes a semi-inner product i^-module with respect to 

[x,y]^ = mx,y)), (x,?/G<r). (2.7) 

By (2.3), it holds 

||[2;,2;]<i,|| [[a;i,Xj]$] > [[x^, 2;]ci,[2;, . 

Thus we get 

Corollary 2.3. Let {■,■)) be a semi-inner product £/ -module, ^ a C*- 
subalgebra of and $ : ^ a positive left multiplier. Then 

\mz,z))\m{x.,x,))] > mx,,z)M{z,x,)] (2.8) 

for all Xi, - ■ ■ , Xn, z E ^ . 

By choosing special ^ we obtain some known results (see [2, 9, 13]). In our 
first corollary ^ is a C*-algebra regarded as a Hilbert C*-module over itself. 
Since every conditional expectation $ : — )■ is a completely positive left 
multiplier (cf. [18, IV, §3]), the following corollary is an extension of [2, Theorem 
1] for conditional expectations. 

Corollary 2.4. Let ^ be a C* -subalgebra of a C* -algebra and ^ : 9S be 

a positive left multiplier. Then 

||$(c*c)||[$(a*a,)] > [<l>(a*c)$(c*a,)] (2.9) 

for all tti, - ■ ■ ,an,cEs^. 

In the next corollary ^ is the space M{Jif, of all bounded linear operators 
between Hilbert spaces regarded as a Hilbert C*-module over = M{J^) via 
{A,B) = A*B. 

Corollary 2.5. Let ^ be a C* -subalgebra of l(^) and $ : ^ ^ a 

positive left multiplier. Then 

mC*C)mA*A,)] > [$(A*C)$(CM,)] 

is valid for all Ai, ■ ■ ■ , An,C e B(^, JT) . 
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In the case of a unital C*-algebra with the unit e, another example of a 
positive left multiplier is a positive linear functional, in particular a vector state 
'~p[a) = {au,u) corresponding to a unit vector u G on which ^ acts. 

Let us now discuss some applications of Theorem 2.1. 

2.1. An Ostrowski type inequality. Here we show that some inequalities of 
Ostrowski type can be viewed as the Cauchy-Schwarz inequality with respect to 
a new semi-inner product. 

It was proved in [11] that for any three elements in a real inner product space 
(i/, (■!■)) it holds 

\\\zr{x\y) - {x\z){y\z)\' < (IkfUxf - {x\zf) (H^fHyir - {y\zf) . 

Since here is a real vector space, this may be written as 

\{x\y)z\'^ < {x\x)z{y\y)z 

and this is exactly the Cauchy-Schwarz inequality for (■|-)^. Therefore, the Cauchy- 
Schwarz inequality for a semi-inner product (-, ■)z on a semi-inner product module 
^, i.e. 

(Ikir (y^^) - {y,z){z,x)){\\zf {x,y) - {x,z){z,y)) 
< II \\zf (x, x) - (x, z) {z, x) II (PIP (y, y) - (y, z) {z, y)) (2.10) 

generalizes the result from [11]. In the special case when (x, 2) = we get 

|(^,2/)P<|4^(||x|nyp-|(x,y)p), (2.11) 

which is the Ostrowski inequality in a semi- inner product C*-module (see [1]). 
Since (2.10) is the Cauchy-Schwarz inequality and (2.11) is its special case. The- 
orem 2.1 improves both of them. Namely, 

(x,x), {x,y)^ 
_ {x,y)l {y,y), \ 

(which is exactly (2.3) for n = 2) improves (2.10), and it improves (2.11) in the 
case {x, z) = 0. 
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2.2. A Covariance— variance inequality. The next application of Theorem 2.1 
is the covariance-variance inequality in semi-inner product C*-modules. The 
interested reader is referred to [2, 5, 10, 13] for some generalizations of covariance- 
variance inequality. Let us begin with a definition and some known examples. 

Definition 2.6. Let ^ he a. C*-algebra, {.2^ , (■, ■)) be a semi-inner product £/- 
module and x,y,z & . The covariance cov^ix^y) between x and y with respect 
to z is defined to be the element {x,y)z of -c/. The element coVz{x,x) is said to 
be the variance of x with respect to z and denoted by var^(x). 

Example 2.7. Given a Hilbert space J^, vectors x,y & Jif and operators S*, T G 
MlJif), covariance and variance of operators was defined in [10] as 

cov^^y{S,T) = WyW^iSxlTx) - {Sx\y){y\Tx). 

Observe that coVx,y{S,T) = {Sx\Tx)y. In the case where = 1 and y = x we 
get the notion of covariance of two operators T and S introduced in [0] as 

coVa;(S', T) = {Sx\Tx) — {Sx\x){x\Tx) . 

A notion of covariance and variance of Hilbert space operators was investigated 
in [5, 17]. In addition, Enomoto [i] showed a close relation of the operator 
covariance-variance inequality with the Heisenberg uncertainty principle and 
pointed out that it is exactly the generalized Schrodinger inequality. It is no- 
table that several mathematicians who have been toying with such ideas ever 
since von Neumann provided the setting of Hilbert space operators for quan- 
tum theory and self-adjoint operators got to be considered as non-commutative 
random variables (or observables) , see [11, Section 5] for more information. 

Another remarkable fact is that for a unit vector x G J^, the determinant of 
the positive semidefinite Gram matrix 

{Sx\Sx) {Sx\Tx) {Sx\x) 
{Tx\Sx) {Tx\Tx) {Tx\x) 
{x\Sx) {x\Tx) {x\x) 

is the difference vara;(S')var2.(r) — |coVa.(S', T)p and is nonnegative; see [6]. 

Example 2.8. Recall that if //) is a probability measure space, then Ef = 
fdfi is the expectation of the random variable / G L'^{Q, Then the covari- 
ance between / and g is defined to be cov(/, g) = E{fg) — Ef Eg and variance of 
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/ is cov(/, /). We can obtain this by considering L'^{Q, fi) as a Hilbert C-module 
via the usual inner product (/, g) = fg. 

Let ^ he a. C*-algebra and ^ be a semi-inner product ■^/-module. Cauchy- 
Schwarz inequahty for cov^(-,-) is known as the covariance-variance inequality. 
Therefore, Theorem 2.1 can be also stated in the following form. 

Theorem 2.9 (Generalized Covariance- Variance Inequality). Let be a C*- 
algebra and ^ he a semi-inner product -module. Let Xi, ■ ■ ■ , Xn, z & ^ . Then 
the matrix [coVz{xi, Xj)] G M„(i2/) is positive. 

Assume that =2/ is a C*-algebra acting on a Hilbert space, J3§ is one of its C*- 
subalgebras and ^ is a semi-inner product i2/-module. If we fix a unit vector 
X E ^ and a positive left multiplier mapping $ and take operators A and B in 
M[^), then we could define the covariance oi A, B and variance of A by 

cov(A, B) = ^{{Ax, Bx)) - x))$((a;, Bx)) 

and var(A) = cov(v4, A), respectively; see [1]. Observe that, if we regard X as 
a semi-inner product ^^/-module with respect to [■, defined by (2.7), then we 
have co\r{A,B) = coy^^Ax, Bx). Therefore, 

var(A) cov{A, B) 
cov(A, B)* var(5) 

3. Improving the inequality [{xi,Xj)] > 

Let ^ be a C*-algebra and , (■,■)) a semi-inner product i2/-module. We 
have proved in Proposition 2.1 that 

Ikf > [{xi,z) {z,Xj)], 

for any n G N and E 2J . As we already noticed, this inequality 

emerged as a self-improving property of positivity of the Gram matrix. In this 
section we show that this self- improving property extends even further. More 
precisely, we will obtain a sequence of inequalities nested between ||^||^ [ (xj, Xj) ] 
and [ (xj, z) (z, Xj) ] . Let us first fix some notation. 



varx-(Ax) cov2;(y4x, i?x) 
cov^(ylx, Sx)* var^(i?x) 



> 0. 
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Let be a C*-algebra with the unit e. For a positive element a G s^, a 7^ 0, 
define 

/o(a) = a, ^o(a) = ||/o(a)||e - /o(a), 

= fo{a)9o{a), 9i{a) = ll/i(a)l|e - /i(a), 

(3.1) 

fm{a) = fm-i{a)gm~i{a), g.^{a) = ||/^(a)||e - fm{a), 

Observe that all fm{o) and gm{o) are polynomials in a. An easy inductive 
argument shows that all fm{o) and gm{o) are positive elements as well and for all 
m > it holds 

fm+i{a) = frniflia)), fifm+i(a) = grniflia)). (3.2) 

It may happen that fm{a) = for some m G N (see Proposition 3.3 below); then, 
obviously, fk{a) = for all k > m. On the other hand, if fm{o) 7^ for some m, 
then, by definition, /j(a) 7^ 0, Vj < m. Thus, for each m such that /m,(a) 7^ we 
can define 

^1^"^ ll/o(a)|| ^ ||/o(a)|M|/i(a)||' 

„ /'„N _ e I g()(a)^ J go(a) /q q\ 

- ||/o(a)|| + ||/o(a)|M|/i(a)|| + ||/o(a) || ■ ||/i (a)||- II/2 (a)|| ' l^'^J 

It is convenient here to make the following convention: if m is the last index such 
that /m(a) 7^ then we define 

Pjia) =Pm{a), (j > m). (3.4) 

Thus, we can treat (jOm(a)) as an infinite sequence of positive elements in ^ even 
in the case when there is m > such that fm{o) = 0. 

It is obvious that < po(fl) < Pi{.o) < • • • < Pm{o) < . . .. Further, observe also 
that p.m(a)'s which are defined by (3.3) are all different. Indeed, suppose Pm-i{ci) 
and Pm{a) are defined by (3.3) and Pm-i{ci) = Pm{Q)- Then 
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which imphes gQ{a)gi{a) ■ ■ ■ gm-i{a) = and therefore 

fm{a) = fm.~i{a)gm^i{a) = fm-2{a)gm-2{a)gm^i{a) 
= . . . = fo{a)go{a) ■ ■ ■ gm-i{a) = Q. 

This is the contradiction, since Pm{o,) is defined by (3.3). 

Theorem 3.1. Let ^ be a module over a C*-algebra , and let (-,■) be any 
^-valued semi-inner product on . Let n G N and Xi, . . . ,x„ G ^ . For each 
z ^ 3^ such that {z, z) ^ it holds 

[{Xi,Xj)] > ...> [{Xi,z)prr,i{z,z)) {z,Xj)] > [{Xi, z) Pm-li{z, z)) {z,Xj)] 

> ...> [{xi,z)po{{z,z)) {z,Xj)] = j^[{Xi,z) {z,Xj)] > 0. 

Proof. We will prove by induction that 

[{xi,Xj)^] > [{xi,z)^pm{{z,z)^){z,Xj)^] (3.5) 

holds true for all m > 0, for each z E ^ and for every ^-valued semi- inner 
product (■, on ^ such that {z, z)^ ^ 0. 

For m = this is precisely the statement of Theorem 2.1. 

Suppose that (3.5) holds for some m and for all z and (■, ■)^ such that {z, z)^ ^ 
0. Choose an arbitrary semi-inner product (■,■) on ^ such that (2;, -z) 7^ 0. 
If fm+i{{z, z)) = 0, there is nothing to prove since then, by our convention, 

Pm+l{{z,z)) =Pm{{z,z)). 

Suppose now that /m+i( (2,2:)) 7^ 0. Then, by (3.2), /m(/i((2;, 2;)) = fm{{z,z)^) ^ 
0. By the inductive assumption (for the semi-inner product (-, it holds 

[{Xi.Xj)^] > [{Xi,z)^Pra{{z,z)^){z,Xj)z], 

that is, 

[||2;f > [{Xi,z) {z,Xj) + {xi,z)^Pm{{z,z)^){z,Xj)^]. (3.6) 

Observe that {z,z)z = fi{{z,z)), so ||2;pe — {z,z) and pm{{z,z)z) commute. 
Therefore 

{Xi,z)^Pmi{z,z)^){z,Xj)^ = {\\zf {Xi,z) - {Xi, z) {z , z))pmi{z , z) ^) 

■{\\zf {z,Xj) - {z,z) {z,Xj)) 

= {xi, z) (||2;f e - {z, z)fp^{{z, z)^) {z, Xj) 

= {Xi, Z) [go{{z, Z)fpm{fl{{z, Z))) {Z, Xj) . 
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Since fm+i{{z, z)) ^ and fmi{z, z)^) ^ 0, the elements (2;, z)) andpmi{z, 2)^) 
are defined by (3.3) (not by (3.4)). It is easy to verify, using (3.1) and (3.2), tliat 

e + go{{z, z)ypm{fi{{z, z))) = \\zfp^+i{{z, z)), (3.7) 

wfiicli, togetlier witli (3.6), gives [{xi,Xj)] > [ {xi, z)pm+i{{z, z)) (z, Xj))] . 

To complete the proof it only remains to recall that Pm{{z, z)) > pm-i{{z, z)) > 
■ ■ ■ > Po{{z, z)) > 0, for every z & ^ such that fm{{z, z)) 7^ 0. □ 

Remark 3.2. It was tacitly assumed in the preceding proof that the underlying 
C*-algebra has the unit element e. If ^ is a non-unital algebra, the same proof 
applies by working in the minimal unitization . However, although the unit 
element e E appears in the expressions Pm{a,), inequality (3.5) involves only 
elements from the original C*-algebra £/. 

Observe that, iib E sz/ is positive and such that \\zb^ \\ < \\z\\, then, by Theorem 
2.1, we have 

ll^f [(xi,^^)] >\\zb^\'^[{xi,Xj)] > [(^Xi,zb^^ (^zb^,Xj^] = [{x^, z) b {z,Xj)]. 

Thus, the inequalities from Theorem 3.1 can alternatively be derived from the 
inequality ||zpm((-27 2^))^ || < Instead of proving this inequality directly, we 
opted for the inductive approach from the proof of Theorem 3.1 since it leads 
naturally to the sequence (/„) and gives us more insight into the sequence Pm{,o) 
(which, as we will see below, has many interesting properties). 

If {z,z) is not a scalar multiple of the unit, then fi{{z,z)) ^ and the pre- 
ceding theorem strictly refines the inequality from Theorem 2.1. Moreover, if 
fjn{{z,z)) 7^ for all m G N, Theorem 3.1 provides an infinite sequence of in- 
equalities. On the other hand, if fm{{z, z)) = for some m > 0, then, by (3.4), 
only finitely many inequalities are obtained. The following proposition charac- 
terizes all such elements z E ^ . It turns out that the sequence of inequalities 
obtained in Theorem 3.1 is finite precisely when {z, z) has a finite spectrum. 

Proposition 3.3. Let a be a positive element of a C*-algebra C B(e^). Then 
there exists m E N such that fm{o) = if (^nd only if a has a finite spectrum. 

Proof. Suppose that there is m G N such that fm{o) = 0. Let A E a{a). Then 
fmW £ fm{<^{cL)) = cr{fm{o.)) = {0}. This shows that cr(a) is contained in a 
finite set, namely in the set of all zeros of the polynomial fm- 
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To prove the converse, suppose that cr(a) is a finite set. Let a(a) \ {0} = 
{Ai, A2, . . . Afc} where Ai > A2 > . . . > A^ > 0. By the spectral theory there exist 
orthogonal projections Pi, P2, . . . Pfc G M{J^) which are mutually orthogonal and 
such that a = Yl'i=i \Pi- Let Q = I — Yl^=i Pi- Observe that Q = if and only 
if ^ cr(a). Let us now compute fm{o.), m eN. 
fo{a) = a = X;f=i ^iPi^ ll/o(«)ll = ^1, 

go{a) = All - /o(a) = Xi{Q + Zli " Eli >^^P^ = AiQ + EUi^i " ^^)P^^ 
fi{a) = fo{a)go{a) = Y!1=2 -^^(^i " ^O^ii 
Observe that the number of non-zero elements of the spectrum of fi{a) is A; — 1 < 

k. Suppose now, without loss of generality, that A2(Ai — A2) > Ai(Ai — Aj) for all 
i = 2,...k. Then ||/i(a)|| = A2(Ai - A2) and 
g\{a) = A2(Ai - A2)/ - /i(a) 

= A2(Ai - A2)(g + Ell Pd - EI2 A.(Ai - A.)P. 
= A2(Ai - A2)g + A2(Ai - A2)Pi + El3[^2(Ai - A2) - A,(Ai - A,)]P. 
= A2(Ai - A2)g + A2(Ai - A2)Pi + El3(^i - ^2 - A,)(A2 - A,)P,. 
/2(a) = /i(a)(7i(a) = El3(Ai-A.)(A2-A,)(Ai-A2-A,)A,P,. 
This shows that /2(a) has at most k — 2 non-zero elements in its spectrum. We 

now proceed inductively and conclude that there is m such that /m(«) = 0. □ 

Remark 3.4. Suppose that ^ = C, i.e. that is a semi-inner product space. 
Then for each z E ^ the spectrum a{{z,z)) is a singleton, so fi{{z,z)) = 0. 
Hence, in this situation, the sequence of inequalities from Theorem 3.1 termi- 
nates already at the first step. In other words. Theorem 3.1 reduces then to 
Theorem 2.1. Therefore, Theorem 3.1 gives us a new (possibly finite) sequence of 
inequalities only if the underlying C*-algebra is different from the field of complex 
numbers. 

In the rest of the paper we shall show that the sequence (pm(c^)) that emerged 
from the proof of Theorem 3.1 has some interesting properties. Let us first con- 
sider the case from the preceding proposition, when the sequence of the inequal- 
ities is finite. The following result is interesting in its own. If a G =2/ is such that 
/M(a) 7^ and fM+i{ci) = for some M G N, we show that, roughly speaking, 
Pm{.o) is the inverse of a. 

Proposition 3.5. Let a ^ be a positive element in a C* -algebra C M{Jif) 
with a finite spectrum. Let M be the number with the property fM^ci) 7^ 0, 
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fM+i{o) = 0. Then apM{o) is the projection to the image of a. In particular, if 
a is an invertible operator, then pm^o) = a^^. 

Proof. Let us first observe that, since the spectrum of a is finite, Ima is a closed 
subspace of J^. For every A G M and / G N it holds 

i-i 

>^ll9^W = /o(Ako(A)^7l(A)■■■^7^_l(A) = ^(%l(A)■■■^7^„l(A) 



fc=0 



f,i\)g,{X)...g,_,(\) = ... = fl(\). 



Since fM{a) ^ and fM+i{a) = we conclude that PQ{a), . . . ,pM{a) are defined 
by (3.3), while, by (3.4), Pj{a) = Pm{.o) for j > M + 1. Therefore, for A 7^ and 
m = 1, . . . , M it holds 

Let m G {1, . . . , M}. Since /m(fl) > (and /m(a) 7^ 0), ||/m(o)|| is the max- 
imum of the set a{fm{a)) = /m(c"(c^))- Let Xm G a{a) be such that fmi^m) = 
||/m(a)||. Then gm{Xm) = ||/m(o)|| - fm{Xm) = and therefore fj{Xm) = for 
all j > m + 1. Since obviously Am 7^ 0, (3.8) gives Pj{Xm) = Pmi^m) for all 
j G {m, . . . , M}. Therefore, for j G {m, . . . , M} we have 



fl{^mY , /m(A^ 



2 

m I 



ii/o(a)ii Kn Vtr nUii/^wii nr=oii/4«) 

Using fmi^m) = ||/m(a)||, for all j G {m, . . . , M} we get 



'm—l 



m-2 



fli^m) , /m-l(Am) fmiK. 



fli^mY _|_ fm~l{^m)^ + fm{^m) 



ii/o(a)ii + A^(|JnUiiA^(«)ii ' n™=oMi/.(a) 

Observe that for every A; G N and every A G M it holds: /fc„i(A)^ + /fc(A) 
/fc-i(A)2 + /,_i(A)(7fc-i(A) = /fc_i(A)(/fc_i(A) + ^,_i(A)) = /fc_i(A)||/,_i(a) 
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Therefore, for j G {m, . . . , M }, 



1 1 fiiXruf , /„^-i(AJ||/„_i(a)|| 



II f.r^^ll + X2 



_ 1 ]_ I \ ^ fl{XmY /m-l(Am.) 

" Ai:!^^ nUii^(«)ii nr=o'iiA(«)ii 

We now proceed recursively in the same way as (3.10) is obtained from (3.9) to 
get 



ii/o(a)ii vtr nUiiAwii nLoiiA'(«)ii 

1 If mm? , /2(A™) 



ll/o(a)ll XI Vll/o(a)llll/iHII ll/o(a)||||/i(a)||. 
1 , 1 //i(A,„)||/i(a)|| 



ll/o(a)ll XI Vll/o(«)llll/iHII 

_ _|_ "'" Xm9o{Xm) 

JMa}\\ ll/o(a)|| 
An. + ^o(A^) _ ||/o(a)|| _ 1 
Am||/o(a)|| A^||/o(a)|| A^ 

for j G {m, . . . , M}. 

After all, we have proved: if Am G a{a) is such that ||/m(o)|| = fm{Xm) for 
some m G {0, . . . , M} then Pj{Xm) = j- for all j G {m, . . . , M}. 

Let us take particular A G a{a),X ^ 0. From fuj+iid) = it follows that 
/m+i(A) = 0. Then there exists m < M such that fmiX) ^ and /m+i(A) = 0. 
Then from /m,+i(A) = jra{X)g^{X) we get gm{X) = 0, i.e., /^(A) = ||/m(«)||- 
This means that for every A G a{a) there is m < M such that Pj{X) = j for all 
j G {m, . . . , M}. Since cr(a) is finite, there is m < M such that 



and therefore 



Then 



pM) = \, VAGa(a)\{0} 



PMiX) = \, VAGa(a)\{0}. 



A 

Xpm{X) = 



1, AGa(a)\{0}, 
0, A G a(a) n {0}. 

This is precisely what we need to conclude that apM{a) is the orthogonal projec- 
tion to Ima. In the case when a is invertible, then Apjv/(A) = 1 for all A G (T(a), 
so apM{<i) = e. □ 
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Remark 3.6. We note that the preceding proposition provides us with an effective 
algorithm for inverting any positive invertible matrix. 



Example 3.7. Let a 



5 

4 

2 1 

1 



diag(5, 4, 2, 1). Here we have 



/o(a) = diag(5,4,2,l), ||/o(a)|| = 5, ^o(a) = diag(5, 4, 2, 1), 

/i(a) = diag(0,4,6,4), ||/i(a)||=6, (71(a) = diag(6, 2, 0, 2), 

/2(a) = diag(0,8,0,8), ||/2(a)||=8, (?2(a) = 0, 
/3(a) = 0. 



By Proposition 3.5, p2 (a) 
of a. Indeed, 



go(a)^ 



||/o(a)|| ^ ||/o(a)|M|/i(a)|| ^ ||/o(a) || ■ ||/i II/2 (a) 



go(a)^gi(a)^ 



1111 19 16 4 64 

Ma) = diag(-, -, -, -)+diag(0, -, -, -)+diag(0, — , 0, — ; 



is the inverse 



1 ,111, 
diag(-,-,-,l. 



Let us now consider the sequence (pm(fl)) in full generality. Again, we assume 
that a is a positive operator on some Hilbert space Jif (i.e. is represented 
faithfully on J^). Denote by p the orthogonal projection to Im a. If a has a finite 
spectrum we have seen in the preceding proposition that apM^o) is equal to p, 
where M is less than or equal to the number of elements of cr(a). In particular, 
if a is an invertible operator, then pM^a) = a~^. 

If a{a) is an infinite set we know that fm{ci) is never equal to 0; thus, (pm.(a)) 
is in this case an increasing sequence of positive elements of ]B(^). It would be 
natural to expect that in this situation the sequence (apm(a)) converges to p in 
norm. However, this is not true in general, as the following example shows. 

Example 3.8. Suppose that a is a positive compact operator with an infinite 
spectrum and that the sequence {apm{a)) converges to p in norm. Observe that 
Pm{o) £ C*{a), for all m > 0, where C*{a) denotes the C*-algebra generated by 
a. Since C*(a) is closed, that would imply p G C*(a). But this is impossible: 
since a {a) is an infinite set, Ima is an infinite dimensional subspace and hence p 
(as a non-compact operator) cannot belong to C*{a). 



In this light, the following proposition is the best possible extension of Propo- 
sition 3.5. 
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Proposition 3.9. Let a be a positive element in a C* -algebra £/ C M{J^) with an 
infinite spectrum. Then limm^^ apm{a) a = a. In particular, if a is an invertible 
operator, limm^ooPm(a) = a^^ 

Proof. Since o"(a) is not finite, /m(a) 7^ for all m G N, so every Prn,(A) is defined 
by (3.3). Take an arbitrary m G N. For every A G cr(a) we have 

r/-l 



1=1 Uk=o\\fk{a) 
9o{X) ^fi{\)U[=o9<^W 



(90W /i(A)^o(A) \ A /KA)n 

I llnll llnlll f^^n^ll i TT' 



M\\fi{a)\\ ^ Ui=o\\Ma)\\ 

uT=d 9kix) /m ( A) nr=o^ 9kW 



Then 



and therefore 



A - X'pU>^) 



nr=oMl/.(a)|| UT=o\\Ma)\\ 

nr=o 9k{X) 

UZoWfkiaW 

Anr=o£'fc(A) _ /m+i(A) 



Uto\\fk{a)\\ UZoWfkia) 



\a-apm{a)a\\ = sup {|A - A^p„,(A)|} 



_ , |/^+i(A)| ^ ^ ||W(a)|| 

P I Tfrri we/ Ml i — 



A..(a)^nr=oii^(«)ir - nr=oiiA(«)ir 

From a{fk{a)) C [0, ||/fe(a)||] and fk+i{X) = ||/fc(a)||/fc(A) - fk{Xf it follows that 
<j{fk+i{a)) C [0,l\\f,{a)\\% so ||/fc+i(a)|| < i||/fc(a)|P for all L Then 

. . . ||/».+i(a)|| ^1 1 WfMW 



Uto\\fk{a)\\ - ^UZo\\fk{a)\\ mZo Wfki 

< 1 \\fm-i{a)r _ 1 \\fm-i{a)\\ ^ 
" ^'UT=o\\fkia)\\ 42n--^||/,(a)|| - 

< 1 ll/i(a)l l 1 War 1 ii„ii 



a) 



||a|| 4"*+^ ||a|| 4™+i " 
Since m is arbitrary, we conclude that linim^-oo (iPm{o,)a = a. □ 
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Remark 3.10. (a) From liiiim^oo apm{a)a = a one easily concludes limm->oo ciVmio) - 
p in the strong operator topology. 

(b) It is obvious from Proposition 3.5 that in the case of a finite spectrum the 
sequence {apm{0')(i) converges to a in norm (since it becomes a constant sequence 
after the M-th term). One may ask whether the proof of Proposition 3.9 works 
in the case when a{a) is finite. It turns out that it does not. Namely, since 
then there is M such that fu^a) ^ and /M+i(a) = 0, only po,...,pM are 
defined by (3.3) and then pm. = Pm for m > M. Therefore, we can get only that 
II a — apmia)0'\\ < ^^+1 ||a|| for m > M and one cannot conclude from here that 
lim™,^„o II a - avrr,ia)a\\ = 0. 



I a — apm{o-)ci\ 

By the first part of the preceding remark, p is the only possible norm-limit of 
the sequence {apm{(i))- In the following proposition we characterize those positive 
operators a for which the sequence {apm{a)) converges to p in norm. First we 
need a lemma. Keeping the notation from the preceding paragraphs, let us also 
fix the following notational conventions: for a positive operator a G M{J^) denote 
Jifi = Ima and = Kera. According to the decomposition 
ai 



we can write a 



and {fm\ai)) the sequences defined by (3.1) and by (pm(a)) and {pm{ai)) those 
defined by (3.3) and (3.4). 







For the operators a and Oi we denote by {fm{o,)) 



(1)/ 



Lemma 3.11. /„ 
0. 








and Pn 



(1)/ ^ 








for all m > 



Proof. The first assertion is trivial for m = 0. Let Ij denotes the identity op- 
erator on Jifj for j = 1,2. Observe that ||a|| = ||ai|| which means ||/o(a) 



ll/o^Vi)ll- This implies /i(a) 



a^{\\fl,'\a,)\\h~a,: 




ai 
















||/o(a)||/i-/o(ai) 

ll/o(a)||/2 



^ /f)(ai) 



obtained exactly in the same way. 

The second assertion now follows from the first one combined with (3. 



. A general inductive argument is 



□ 



Proposition 3.12. Let a G M{J€') be a positive operator and p G M{Jif) the 
orthogonal projection to Ima. Then (apm(o))m, converges to p in norm if and 
only if Ima is a closed subspace of M' . 



18 LJ. ARAMBAgiC, D. BAKIC, M.S. MOSLEHIAN 



Proof. Suppose first that a has a closed range, i.e. Ima = Ima. Then ai = : 
Ima — >■ Ima is a bijection. Since Ima is a Hilbert space, ai is an invertible 
operator. By Proposition 3.9, the sequence {aiPm\cLi)) converges in norm and 

\imjn-^oo diPrn (cLi) = h- By the preceding lemma apm{a) = 



aipm{ai) 







converges in norm to 



h 




which is the orthogonal projection to Im a = Im a. 



Conversely, suppose that [apmia)) converges in norm. As we already noted, 
the limit is then necessarily p. By the second assertion of the preceding lemma, /i 
is then the norm-limit of the sequence {aipm\a,i)). Since the group of invertible 
operators is open, it follows that aipm\ai) is an invertible operator, for m large 
enough. In particular, aipm\ai) is a surjection and hence ai is a surjection as 



well. Thus, Imai = Ima. Since, obviously, Ima = Imai, this shows that a has a 
closed range. □ 

Notice that each positive operator with a finite spectrum has a closed range. 
Thus, the preceding proposition extends Proposition 3.5. At the same time, it 
provides another explanation of Example 3.8 since a compact positive operator 
with an infinite spectrum cannot have a closed range. 

At the end, let us turn back to the sequence of inequalities from Theorem 3.1. 

If z & ^ has the property that (j{{z,z)) is finite then, by Propositions 3.3 
and 3.5, there exists M G N such that fM{{z,z)) = 0, fM+i{{z, z)) ^ and 
{z, z) pm{,{z, z)) is the projection to Im (2, z) . In this case, the sequence of in- 
equalities from Theorem 3.1 is finite and the last term between ■j|jp[(a:j, z) (2;, Xj)] 
and [(xj, Xj)] is [(xj, z) pm{{z, z)) {z, xj)] (for all xi, . . . , x„). The following propo- 
sition explains the reason: the sequence terminates at that place just because 
[{xi, z) pm{{z, z)) {z,Xj)] is the maximal element of the set of positive matrices 
under consideration. 

Proposition 3.13. Let ^ he a semi-inner product module over a C*-algebra 
C B(^). For z ^ a: and a = {z,z) e ^, let p e l(^) denotes the 
orthogonal projection to Ima. Suppose that there exists a positive operator h G 
such that for a// Xi, . . . , x„ G ^ and every m > it holds 



[{xi,Xj)] > [{xi,z) h{z,Xj)] > [{xi, z) pm{{z, z)) {z,Xj)]. (3.11) 
Then aha = a and ah = p. 
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Proof. It follows from (3.11) that 

{z, z) > {z, z)h{z, z) > {z, z)pm{{z, z)){z, z), Vm > 0, 

that is, a > aha > apm{a)a for all m > 0. By Proposition 3.9 (or Remark 3.10(b)), 
it follows that aha = a. This implies ah = p. □ 

Suppose now, as in the discussion preceding the proposition, that there exists 
M G N such that fuia) 7^ and /M+i(a) = 0. Then a has a finite spectrum, 
Ima is a closed subspace, and apM{o) = p. So, if h is as in Proposition 3.13, then 
ah = p and therefore apM{(i) = ah. By taking adjoints we get ha = pM{a)a and 
this shows that h and Pm{o) coincide on Ima. 

If (J (a) is infinite, there is no M as above, but still the sequence {apm{a)o) 
converges in norm to a. From the proof of Proposition 3.13 it follows that for any 
h G M{J^) which satisfies left hand side inequality of (3.11) it holds aha < a. 
Therefore, we have a kind of best result even in this case, since h which appears 
in (3.11) is such that aha = limm^oo apm{,a)a = a.. 
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